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PLANE EVOLUTION OF A SATEL ITE'S E1 PTICAL ORBIT UNDER THE 
INFLUENCE OF A LATERAL DISTURBING FORCE 

Yu. M. Kopnin 

(Mo s cow) 

ABSTRACT. An i n v e s t i g a t i o n  i s  made of s a t e l l i t e  motion 
as a mass po in t  under t h e  inf luence  of d i s t u r b i n g  acce le r -  
a t i o n ,  cons tan t  i n  modulus and d i r e c t e d  normal t o  t h e  os- 
c u l a t i n g  o r b i t a l  plane.  The shape of t h e  o r b i t  i s  always 
cons tan t  and t h e  problem i s  reduced t o  a s tudy of a system 
of t h r e e  equat ions  de f in ing  the  precess ion  of t h e  o r b i t a l  
plane.  

The au tho r  i n v e s t i g a t e s  sa te l l i t e  motion as a m a s s  p o i n t  under t h e  
in f luence  of d i s t u r b i n g  a c c e l e r a t i o n ,  cons tan t  i n  modulus and d i r e c t e d  
normal t o  t h e  oscu la t ing  p l ane  of t h e  o r b i t .  Under t h e  in f luence  of such 
d i s t u r b i n g  f o r c e s ,  t h e  shape of t he  o r b i t  a t  every i n s t a n t  of t i m e  w i l l  
remain cons t an t  [ l ] .  I n  t h i s  case, t h e  problem is  reduced t o  an inves t iga -  
t i o n  of a system of t h r e e  equat ions def in ing  t h e  precess ion  of t h e  o r b i t a l  
p l ane  (Equations (1.2) and (1.3) i n  t h e  work [2 ] ) .  

- _  di  COS(^++) dQ - _  s i n ( f + f a )  1 
dv -'(I +ecos .0 )3  du sini(1+ecos.8)s 
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Here i is the  i n c l i n a t i o n  of t h e  o r b i t ,  w i s  t h e  angular  d i s t a n c e  of 
t h e  p e r i g e e  from the  node, is t h e  longi tude  of t h e  ascending node, 6 i s  the  
t r u e  anomaly ( f i g u r e ) ,  e is  o r b i t  e c c e n t r i c i t y ,  j is the  modulus of t h e  
d i s t u r b i n g  a c c e l e r a t i o n ,  g(p)  is g r a v i t a t i o n a l  a c c e l e r a t i o n ,  corresponding t o  
t h e  r a d i a l  d i s t a n c e  of t h e  sa te l l i t e ,  equal  t o  t h e  o r b i t  parameter p ;  t he  
angu la r  v a r i a b l e  v is  a monotonically r i s i n g  t i m e  func t ion  [2] .  

L e t  us  examine a case when t h e  r a t i o  j / g ( p )  i s  
1 small ,  and take t h e  cons tan t  E as t h e  small para- 

meter of t h e  problem. 

Without l i m i t i n g  t h e  u n i v e r s a l i t y ,  t h e  system 
of are d i s t r i b u t e d  such t h a t  t h e  a x i s  5 is 
d i r e c t e d  along t h e  l i n e s  of aps ides  of t he  undis turb-  
ed o r b i t .  The fol lowing i n i t i a l  va lues  of t h e  angles  4 

*Numbers g iven  i n  t h e  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  fo re ign  t e x t .  
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w i l l  correspond t o  the  above d i s t r i b u t i o n  of i n e r t i a l  axes:  

io = goo, do = f goo , 
I 

# 

The i n i t i a l  va lue  520 is a r b i t r a r y  ( f o r  d e f i n i t e n e s s  i t  is  assumed t h a t  
520 = 0 ) .  

The averaging p r i n c i p l e  of N. M. Krylov and N. N. Bogolyubov [3]  is app l i ed  
t o  Equations (l), which have the  so-cal led s tandard  form. Averaging by 6 , w e  
o b t a i n  

It is  easy t o  see t h a t  t h e  s o l u t i o n  

corresponds t o  t h e  i n i t i a l  va lues  ( 2 ) .  

S o l u t i o n  ( 4 ) ,  which has  such a s i m p l e  form owing t o  t h e  s e l e c t e d  d i s t r i -  
bu t ion  of i n e r t i a l  axes, shows t h a t  t he  in f luence  of t h e  i n v e s t i g a t e d  d i s t u r b i n g  
a c c e l e r a t i o n  l eads  t o  t h e  r o t a t i o n  of t he  p l ane  of t h e  e l l i p t i c a l  o r b i t  r e l a t i v e  
t o  t h e  l i n e  of aps ides  which remains f ixed  i n  i n e r t i a l  space.  It is c h a r a c t e r i s t i c  
t h a t  t h e  o r b i t a l  p lane  w i l l  evolve i n  such manner i r r e s p e c t i v e  of t h e  po in t  of 
t h e  primary undis turbed o r b i t  a t  which the d i s t u r b i n g  a c c e l e r a t i o n  starts t o  
a f f e c t  t h e  sa te l l i te  ( i . e . ,  independent of t h e  i n i t i a l  va lue  of t h e  t r u e  anomaly 

/37 

“ 0 )  

I n  t h e  gene ra l  case, during the  r o t a t i o n  of t h e  o r b i t a l  p lane  re la t ive t o  
the  f i x e d  l i n e  of aps ides ,  having an a r b i t r a r y  o r i e n t a t i o n  i n  t h e  i n e r t i a l  axes, 
t h e  change of t h e  angles  i, w, and R w i l l  be  descr ibed  f o r  t h e  formulas 

Here E,  C and C are random cons tan ts  which are expressed through t h e  1’ 2 
i n i t i a l  va lues  of t h e  ang le s  i o ,  W O ,  and 5 2 0 .  The important  cons t an t  among t h e  

t h r e e  is E which r ep resen t s  t h e  s i n u s  of t h e  ang le  formed by the  l i n e  of 
aps ides  w i t h  t h e  i n e r t i a l  p l ane  Cq. 

Thus, w i t h  E = 1 s o l u t i o n  ( 4 )  fol lows from t h e  gene ra l  s o l u t i o n  ( 5 ) .  With 
E = 0 w e  o b t a i n  one more s imple s o l u t i o n  

which corresponds t o  t h e  r o t a t i o n  of the  o r b i t a l  p lane  r e l a t i v e  t o  the  l i n e  of 
a p s i d e s  l y i n g  i n  t h e  i n e r t i a l  plane en and co inc id ing  wi th  t h e  f i x e d  node l i n e s .  
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Therefore ,  on t h e  b a s i s  of s o l u t i o n s  of averaged equat ions ,  i t  may be  
concluded t h a t ,  t o  an accuracy of s m a l l  o s c i l l a t i n g  terms, the  evo lu t ion  of a 
satel l i te ' s  o r b i t  i n  t h e  p re sen t  problem i s  reduced t o  a "pure" r o t a t i o n  of t h e  
o r b i t a l  p l ane  r e l a t i v e  t o  t h e  f ixed  l i n e  of aps ides .  

I 

I Note t h a t  t h i s  problem has been examined i n  the  p a s t  ( s ee  t h e  work [ 4 ] ) ,  
however, the  p re sen t  geometr ical  i n t e r p r e t a t i o n  of t h e  s o l u t i o n  w a s  n o t  known. 

i) 

A s  an example, t h e  approximate s o l u t i o n s  (4) and (6) were compared w i t h  t h e  
corresponding e x p l i c i t  s o l u t i o n s  computed on an  e l e c t r o n i c  computer. The 
comparison shows good agreement between the two i n  t h e  i n t e r v a l s  confined by 
t h e  boundaries  of a p p l i c a b i l i t y  of t h e  averaging method. For in s t ance ,  w i t h  

I 
E = 0.01, t h e s e  i n t e r v a l s  have an  o rde r  of hundreds of  s a t e l l i t e  r evo lu t ions .  
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